Different configurations of optical lattices with circular cylindrical geometry have been recently studied in the context of atom trapping from a theoretical viewpoint, giving rise to a number of proposed applications. A common problem for testing theoretical predictions is the difficulty in the experimental realization of some of the necessary optical potentials. Here we discuss the experimental generation of four different circular optical lattices in an efficient and simple way using a single spatial light modulator. Our approach allows switching between different light configurations with a time resolution given by the response time of the light modulator.
INTRODUCTION
Nowadays, optical trapping of neutral atoms has become a common tool in many laboratories worldwide, opening the possibility of investigating new frontiers in physics. In particular, the development of far-off-resonance traps [1] has allowed the confinement and organization of cold matter in optical lattices [2] . Exciting potential applications have been envisioned for this kind of traps in several scientific and technological areas. For instance, in the realm of quantum computing, atoms trapped in optical lattices could be used to implement quantum logical gates [3] .
The geometry of an optical lattice strongly determines the behavior of the trapped matter and, thus, its applications [4] [5] [6] . In this context, circular optical lattices appear as very attractive alternatives, with important differences with respect to rectangular lattices. Typically, circular lattices should be generated with light beams possessing a well defined orbital angular momentum (OAM) [7] , such as Laguerre-Gaussian (LG) or Bessel beams (BBs) [8] , which adds them an extra appeal since this dynamical property of the electromagnetic field can be transferred to matter. In fact, the OAM has been transferred to optically trapped microparticles [9, 10] , cold atom clouds [11] , andmore recently-to Bose-Einstein condensates [12, 13] . Another interesting property of light fields with OAM, also called optical vortices, is that they exhibit a screw type dislocation of the wave fronts associated with a rotating phase distribution [14] . It has been demonstrated that modes with phase singularities in Bose-Einstein condensates are robust to decoherence effects, opening the possibility to quantum information storage in atomic vapors [15] . In general, we will assume a harmonic time dependence of the form exp͑−it͒, so we will look only at the spatial dependence of the wave function in each case.
Superpositions of counter-rotating optical vortices producing stationary waves in the angular direction have remarkable features as well. For instance, whereas a linear optical lattice may represent a one-dimensional quasiperiodic system only within a limited region with open boundaries, a circular lattice with a set of potential wells distributed along the angular variable is a suitable model for an unlimited one-dimensional periodic system with closed boundaries [4] . These necklace-like optical potentials have been proposed also as an interesting alternative for achieving the exchange of angular momentum between light and cold atoms [16, 17] . An optical potential of this kind would split the wave function of a single localized atom into clockwise and anticlockwise components, which may interfere under certain conditions [16] . In a recent theoretical study, the interaction of a cold atom with different configurations of circular Bessel lattices was analyzed within a semi-classical approach [17] . Among other applications, the alternate operation of the different optical potentials was proposed for creating predesigned atomic paths in three dimensions [17] . Nevertheless, a practical issue that must be overcome for implementing these and other ideas experimentally is the simultaneous and efficient generation of two independently structured light beams that shall interfere to form the lattice.
The recent advances in spatial light modulation technology along with the continuous development of different algorithms to produce computer generated holograms (CGHs) have led to a great progress in the creation of structured light distributions, with especially tailored properties in intensity, in phase, or both. In fact, CGHs have been used to generate vortex beams since two decades ago [18] , and these have been encoded in spatial light modulators (SLMs) for more than a decade by now [19] .
In this article, we present an experimental method for the generation of four different circular optical lattices by using a phase SLM. Our code for generating the structured light beams is very simple and efficient; it consists of displaying the phase of the desired beam in the SLM. We analyze the performance of this code for the generation of multi-ringed vortex beams and necklace-like patterns by means of numerical simulations and experiments, and compare our method with previous work. In addition, we use a single SLM to independently modulate two parallel beams, which eventually interfere to form an optical lattice. The light distribution can be dynamically reconfigured by changing the hologram or phase mask displayed in the SLM.
OPTICAL LATTICES WITH CIRCULAR CYLINDRICAL GEOMETRY
In this study, we deal with paraxial light beams, which provide a good description for our experiments, and thus we will focus our attention on the transverse component of the optical field within a scalar approach, having a conventional polarization state. Detailed vector treatments of the wave fields studied here and other related vector light fields can be found in [17, [20] [21] [22] [23] [24] [25] . Under the considered conditions, a general expression for a monochromatic optical vortex on-axis, with an angular frequency , and propagating along the z axis can be written as
where k z denotes the component of the wave vector along the propagation axis and m is an integer known as the topological charge or the order of the vortex [26] . The sign of m determines the helicity of the beam; this is the projection of its OAM along the propagation direction. The radius vector and the radial and angular variables are defined as usual as r ជ = ͑x , y , z͒, = ͱ x 2 + y 2 , and tan = y / x. The amplitude of the wave field, A m ͑ , z͒, is proportional to m when is small. The most typical examples of optical vortices are BBs and LG beams. In the first case, the amplitude is proportional to the Bessel function of the first type, A m ͑ , z͒ = J m ͑k t ͒, with k t being the transverse component of the wave vector. BBs are propagation invariant optical fields, which means that their transverse intensity distribution does not change on propagation [8, 27] . This is an idealization of course; in practice, the propagation invariance region is finite and determined by the experimental conditions. In the case of LG beams, the amplitude A m ͑ , z͒ is a solution of the paraxial wave equation in circular cylindrical coordinates [7, 28] . In contrast with BBs, LG beams do spread on propagation, although they are structurally stable [28] . The particular propagation properties of LG modes and BBs make them suitable for different purposes; the appropriate choice depends on the specific application (see, for instance, [9, 10, 17, 21, 22, [29] [30] [31] [32] ).
Linear combinations of vortex fields with exactly the same characteristic parameters but having opposite helicities yield stationary fields in the angular variable, such as
Hereafter we will refer to these fields as angular cosine modes or simply cosine modes.
In what follows, we will briefly discuss four particular cases of circular optical lattices that can be created by means of superpositions of counter-propagating vortices or cosine modes. The first three cases were discussed in detail in [17] , while the fourth case was introduced and demonstrated using sound waves in [33] .
A. Three-Dimensional Stationary Circular Lattice
Consider the interference of two angular cosine modes of the type described by Eq. (2), but propagating in opposite directions along the z axis. The resulting optical field has the form
with the corresponding intensity distribution
There are nodal surfaces along the angular and axial coordinates. The intensity distribution for this lattice is shown in Fig. 1(a) , for the case of a BB with m =3.
B. Toroidal Train Lattice
A set of light doughnuts arranged along an axis can be generated by the interference of two optical vortices with opposite helicities and propagating in opposite directions along the same axis. In spite of their different helicities, the two beams are rotating in the same direction with respect to a fixed reference frame [17] . The resulting field is given by
͑5͒
leading to an intensity distribution of the form
We will refer to this case as a toroidal train lattice, and it is illustrated in Fig. 1 (b) for a BB with m =1.
C. Twisted Helical Lattice
This light configuration was first introduced by Bhattacharya for the case of LG beams [34] . A twisted helical lattice can be generated by the interference of two rotating vortices with the same helicity but counter-propagating along the same axis. This means that the two beams are rotating in opposite directions with respect to a fixed reference frame [17] . The resulting field is described by
͑7͒
and the intensity distribution yields 
D. Lattice with an Orbital Angular Momentum Gradient
A peculiar optical lattice is generated by the superposition of a cosine and a sine mode propagating in opposite directions along the same axis, that is,
The resulting intensity distribution is
This field represents a "chain of vortices," in the sense that it is constituted by a succession of vortices along the z axis alternating opposite helicities, and between each pair of vortices, there are orthogonal cosine modes [33] .
The resultant field exhibits a gradient of the OAM, which is analogous to the spin gradient or polarization gradient used for atom cooling by means of the Sisyphus effect [35] . Figure 1(d) shows the intensity distribution of this lattice for a BB with m =2.
We have left the radial dependence A m ͑ , z͒ unspecified because the most significant dynamical characteristics of the lattices studied here are associated with their angular dependence. In fact, it is worth noticing that for m = 0, all the cases reduce to same. A standing wave of this kind, with A 0 ͑ , z͒ = J 0 ͑k t ͒, has been used to create a "conveyor belt" for manipulating large amounts of microparticles over extended distances [32] .
GENERATION OF MULTI-RINGED BEAMS WITH A PHASE SLM
It is clear from the previous section that, in order to generate any of the considered optical lattices and switch among the different configurations as proposed in [17] , it is necessary to independently generate the two light beams that shall interfere. This task requires a dynamical control of the light configuration, achievable by means of a SLM. In this section, we will discuss the generation of the desired optical fields by means of a phase SLM. In particular, we use a reflection spatial phase modulator (Holoeye LC-R-2500), which was characterized for a wavelength of 532 nm. The characterization process consists of determining the phase value encoded in the SLM for each gray level in the screen of the control computer [36] .
One of the first techniques for producing optical vortices was the use of spiral phase plates [37] , which are refractive elements whose optical width is linearly increasing along the angular variable by a complete cycle of 2 in the phase, or an integer number of cycles, for a given wavelength. Nowadays, spiral phase plates can be directly encoded with a phase SLM [38] . We follow the same idea of phase-only codification for generating both multiringed vortices and cosine modes [39] . Specifically, we display in the SLM the phase of a BB, either a vortex or a cosine type. We chose this multi-ringed structure of the beams because the lattices studied for atom trapping in [17] , which we have closely followed, have been analyzed with BBs. In order to analyze the optical field modulated by the SLM, we have simulated its propagation through our optical system. We consider an incident Gaussian beam of waist w 0 impinging on the SLM, in which the phase distribution of the desired beam is displayed. We use a conventional 4f-system of spatial filtering (Fig. 2) , consisting of two lenses with focal lengths f 1 and f 2 . The SLM is at the back focal plane of the first lens ͑z =0͒; an iris diaphragm is placed at the Fourier plane ͑z =2f 1 ͒ and the modulated optical field is analyzed after the second lens ͑z Ͼ 2f 1 + f 2 ͒. We set w 0 = 2.35 mm, f 1 = 250 mm, and f 2 = 300 mm, in agreement with our experiment. The results of the axial propagation for a phase mask corresponding to a vortex BB of order m = 1 and k t = 12.8 mm −1 are shown in Fig. 2 . We have scaled the wavelength (Ј =10, with = 532 nm) in order to facilitate the visualization of the spectrum details in the Fourier plane of the first lens z =2f 1 (the real spectrum would be ten times smaller). On the other hand, the radial profile of the Fourier spectra (FS), the transverse intensity distribution of the FS (in real units), and the generated optical fields at the focal plane of the second lens (labeled as z 0 in Fig. 2 ) for a multi-ringed vortex of order m = 1 and for a cosine mode with m = 2 are shown in the left and right columns of Fig.  3 , respectively. The FS of the Bessel vortex consists of a well defined main ring in which most of the energy is concentrated and two faint rings at both sides of it (inner and outer); there are also much weaker higher diffraction orders in the form of rings with larger radii. The main ring corresponds to the spectrum of a Bessel-Gauss beam [40] ; its radius R = k t f 1 /2 is associated with the BB and its finite width ⌬R =2f 1 / w 0 is associated with the Gaussian envelope. The faint rings around the main ring give rise to additional Bessel-Gauss components of very similar transverse frequencies, which will interfere with the main beam producing intensity variations of the resulting optical field along the propagation axis (axial intensity beatings). A proper spatial filtering in the Fourier plane would prevent these axial intensity variations, yielding a very good approximation to a Bessel-Gauss beam; the ideal filter is a screen with an annular aperture with inner and outer radii given by R ϯ⌬R 2 . However, a simple iris diaphragm with the right aperture ͑R + ⌬R 2 ͒ can give very reasonable results, as it is shown in the simulations in Figs. 2 and 3 . The case of the cosine modes is analogous to that of the vortices.
From our numerical calculations, we have evaluated the efficiency of the generated fields as a function of the topological charge and of the radial frequency k t . Our findings are summarized as follows: (1) The efficiency is in general higher for the rotating modes than for the cosine modes due to a higher spreading of the Fourier spectrum in the latter case [compare Figs. 3(c) and 3(d)] . (2) The efficiency decreases as the topological charge increases; but for m Յ 5, the efficiency for the rotating modes is over 75%, while it is over 60% for the cosine modes. (3) The efficiency varies by less than 5% when k t changes within the range from 6 to 14 mm −1 , being larger for the smaller value of k t .
We note that a very similar method for producing vortex BBs has been recently reported [41] . In that case, the phase hologram is limited by a circular pupil and the input beam is assumed to be a plane wave. This is in contrast with the Gaussian beam illumination we consider here, which plays the role of an apodizing function, giving rise to a cleaner Fourier spectrum in the central region than that of [41] (this is what allows us to make a reasonable filtering by means of a simple iris diaphragm). In addition, it is worth to notice that the maximum propagation invariance distance of the BB generated with a phase mask is proportional to the diameter of the input beam; the smaller the beam waist of the illuminating beam, the shorter the propagation invariance distance of the generated field. In the case of a plane wave, this distance might be of several meters, and this is an advantage for alignment applications, for instance. Nevertheless, for applications requiring high energy densities, such as optical micromanipulation of particles and atom trapping, Gaussian beam illumination of the phase masks provides a better alternative since a smaller waist yields a shorter propagation invariance distance with a higher energy density.
Our numerical analysis is based on ideal conditions. However, there are unavoidable effects deteriorating the efficiency and performance of the phase masks displayed in the SLM. For instance, a common problem with SLMs is a curvature in the surface of the chip, which introduces aberrations in the modulated field. Although we obtained very reasonable results without the need for a compensation of this curvature in our masks, this effect seems to be responsible for a deterioration of the experimentally obtained field with respect to the numerical simulation, as we move away from the plane of best reconstruction ͑z 0 ͒. On the other hand, the partial specular reflection at the front surface of the SLM contributes with unmodulated light traveling on-axis, which adds noise to the reconstructed field (this could be removed by using an annular filter).
EXPERIMENTAL SETUP
In order to generate the two independently modulated light beams required to produce any of the optical lattices with a single SLM, we have encoded what we call dual computer generated phase masks. Namely, we encode independent phase masks in the two halves of the modulator display. A similar approach was used before to produce vector beams [25] . The SLM should be illuminated with two parallel beams, each one of them centered with respect to the corresponding half of the SLM. In this way, a dual phase mask (DPM) can be used to modulate two beams simultaneously with a single SLM, and each DPM is associated with a particular optical lattice configuration. Our system offers the versatility to reconfigure the light distribution in one step, by switching among the different DPMs displayed in the modulator in a programmed sequence with a time resolution that is given by the response time of the specific SLM device. For example, our SLM has a typical response time of 16 ms. There are faster modulators, but the spatial resolution might be lower. Therefore, the response time of the specific SLM is a very important parameter to consider for experiments on atom trapping. The experimental setup for the generation of circular optical lattices is shown in Fig. 4(a) . A continuous wave solid state laser (Coherent Verdi V5), emitting at a 532 nm with linear output polarization state passes through a half-wave plate (HWP), and it is divided by a nonpolarizing beam splitter into two equally intense beams. Mirror M1, which diverts the transmitted beam, is mounted on a linear translation stage in order to control the separation between the parallel beams (approximately 1 cm). Both beams impinge on the SLM with a small angle and, after being modulated and reflected, pass through a linear polarizer P. The orientation of the fast axis of the HWP and the transmission axis of the polarizer P are set for optimizing the performance of the SLM [36] . After the polarizer P, a right-angle prism is introduced with the aim of increasing the separation between the beams. As discussed previously, the spatial filtering of each of the modulated beams is performed by means of two identical systems of lenses and iris diaphragms; L1-ID1-L2 and L3-ID2-L4. When the two lenses used for each spatial filtering differ in the focal length, the output beam is rescaled. In our case, the focal lengths are 25 cm for L1 and L3, and 30 cm for L2 and L4. Finally, mirrors M2 and M3 redirect the beams along the same axis but in opposite directions. An extra pair of iris diaphragms, ID3-ID4, is introduced for alignment purposes.
In fact, each beam should pass through all the four diaphragms (ID1-ID4) as illustrated in the simulation in Fig. 4(b) showing the axial propagation of one of the beams through the whole optical system after the SLM. Diaphragms ID1 and ID2 are crossed by the FS of both beams traveling in opposite directions, while diaphragms ID3 and ID4 are crossed by the generated multi-ringed beams, as indicated by the arrows in the interference region in Fig. 4(a) . In this context, it is important that the plane z 0 corresponds to the common focal plane of lenses L2 and L4. The measured power efficiency of each of the reconstructed fields is up to 50%.
EXPERIMENTAL RESULTS AND DISCUSSION
It is well known that the first demonstration of standing waves with light was due to Wiener, who placed an inclined photographic plate in the space region occupied by the standing waves, in such a way that the period of the registered fringes depended on the inclination of the plate with respect to the common propagation axis [42] . This cannot be done for the case of structured light beams forming a standing wave since the inclination of the photographic plate would distort the transverse structure of the beams. Instead, we present all the necessary indirect evidence to infer the existence of the optical lattices in our experimental setup.
Firstly, we analyzed each of the generated light beams separately. In particular, we demonstrated that the light fields are propagation invariant over a region of several centimeters, which is in agreement with what we expected from our numerical simulations for the given waist size of the illuminating Gaussian beam. Secondly, we verified for the case of the vortices that the energy flux is spiraling on propagation, which is a signature of the rotating phase distribution [43] . Finally, the two beams have the same intensity, and the coherence and the polarization properties necessary for the interference are granted in our experimental setup in a natural way. For determining the phase behavior of the different light beams, and in particular of the vortex beams, we used two different methods: the knife edge probe [43] and direct interference with a plane wave. Figure 6 illustrates the results of the knife edge probe for a multi-ringed vortex with m = −1 [ Fig. 6(a) ], a multi-ringed vortex with m = 1 [ Fig. 6(b) ], and a cosine mode with m = 3 [ Fig. 6(c) ]. The left column illustrates the images of the beams when the knife edge is at the plane z 0 and the charge-coupled device camera is placed as close as possible from it (approximately 1 cm away), and the right column shows the same beams when the camera is moved at a distance z = 8 cm away from the knife edge. It is seen from the images in the right column that the diffraction pattern spreads straight upward for the non-rotating beam (c), while it spreads asymmetrically in the case of rotating beams (a) and (b), with opposite asymmetry. This is an indicative of the rotating energy flux in the case of optical vortices, where the rotation direction is associated with the beam helicity [43] . On the other hand, Fig. 7 shows the interference of a plane wave with a multi-ringed vortex with m = 1 propagating with a small angle relative to each other. A fork-like pattern at the beam center can be clearly identified, characteristic of the interference between a vortex and a plane wave [18] . Also, there is a -phase shift between consecutive rings of the beam, as it can be noted from the shift of the interference fringes.
Finally, having verified that the generated beams possess all the expected properties, a summary of our results for the generation of the proposed optical lattices is presented in the form of a table in Fig. 8 . From left to right, the columns indicate the lattice configuration, the DPM that should be used for its generation, and the two obtained beams. From top to bottom, the topological charges of the lattices correspond to m =3, m =1, m =2, m =2.
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CONCLUSIONS
In conclusion, we have proposed a simple and efficient experimental scheme for generating four different configurations of optical lattices with circular cylindrical geometry using a single spatial light modulator (SLM). Our scheme is based on the display of dual computer generated phase masks in the SLM, which is illuminated with two parallel light beams. Each of the parallel beams is independently modulated by the corresponding half of the dual phase mask (DPM), and then they are filtered and redirected in order to counter-propagate along the same axis to form the desired optical lattices. By changing the phase mask displayed in the SLM, it is possible to switch between different configurations of optical lattices in a single step, with a time resolution given by the response time of the SLM.
Although the periodicity of the standing waves along the common propagation axis is too small to be observed directly ͑ /2͒, we presented all the necessary indirect evidence to prove that our experimental scheme is suitable for creating the different proposed configurations of optical lattices with circular cylindrical geometry. Namely, the two beams had the same intensity, our experimental setup naturally granted the parallel polarization states of the interfering beams, we used a laser source of extremely high coherence, and we thoroughly tested that all the generated beams had the necessary characteristics to form the lattices. Specifically, we verified that the generated light fields were propagation invariant over the necessary distance, in our case, of several centimeters. We analyzed as well the phase behavior of the different light fields by determining the energy flux direction with the knife edge test and also by means of direct interference with a plane wave. We offered in this way a simple tool for implementing different kinds of optical lattices with circular cylindrical geometry in experiments with cold atoms and Bose-Einstein condensates.
